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Abstract. Suppose G and H are simple 3-connected graphs and G has an H-minor. An edge
e is called an H-preserving deletable edge if G\e is 3-connected and has an H-minor. We prove
that if G has no H-preserving deletable edge, then G can be constructed from a rank r(G) − 1
graph G′, where G′ has no H-preserving deletable edges, using three operations: splitting a vertex,
adding an edge followed by splitting a vertex, and adding two edges followed by splitting a vertex.
In each case additional restrictions can be placed on the newly added edges to further reduce the
possibilities. Using this result we prove that E(G) ≤ |E(H)| + 3[r(G) − r(H)]. When H is the
prism graph, this bound can be further customized to get 3r(G) − 7. As a consequence we get
Mader’s theorem for minimally 3-connected graphs.
1. Introduction
The rank of a connected graph G, denoted by r(G), is the size of a spanning tree. If G has
n vertices, then r(G) = n − 1. The degree of a vertex v, denoted by deg(v), is the number of
edges incident to v. A triad is the set of three edges incident to a vertex of degree 3. A graph is
3-connected if at least 3 vertices must be removed to disconnect the graph. A 3-connected graph
G is minimally 3-connected if G\e is not 3-connected for every edge e.
To delete an edge e remove it and any isolated vertices formed in the process. The resulting
graph, denoted by G\e, is called an edge-deletion of G. An edge e in G is called deletable if G\e is
3-connected. To contract an edge e with end-vertices u and v, collapse the edge by identifing the
end-vertices u and v as one vertex, and delete the resulting loop. The resulting graph, denoted
by G/e, is called an edge-contraction. A graph H is a minor of a graph G if H can be obtained
from G by deleting edges (and any resulting isolated vertices) and contracting edges. We write
H = G\X/Y , where X is the set of edges deleted and Y is the set of edges contracted.
A simple graph G with an edge added between non-adjacent vertices is denoted by G + e and
called an edge-addition of G. To split a vertex v of degree at least 4, replace v with two distinct
vertices v1 and v2, join them by a new edge f , and join each neighbor of v to exactly one of v1 or
v2 in such a way that both v1 and v2 have degree at least 3. The resulting graph is denoted by
G ◦ f and called a vertex split of G.
Suppose G and H are simple 3-connected graphs and G has a minor isomorphic to H. An
edge e is called an H-preserving deletable edge if G\e is 3-connected and has a minor isomorphic
to H. In Section 2 we will prove that if G has no H-preserving deletable edge, then G can be
constructed from a rank (r − 1) graph G′, where G′ has no H-preserving deletable edges, using
three operations:
• Splitting a vertex;
• Performing an edge-addition followed by splitting a vertex; and
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• Performing a double edge addition followed by splitting a vertex.
Additional conditions are placed on the second and third operations. When an edge e is added
between non-adjacent vertices only a vertex incident to e may be split, and split in such a way
that e and the new edge f formed between the split vertices are contained in a triad (see Figure
1). Edges e1 and e2 are added between non-adjacent vertices in such a way that e1 and e2 are
incident to a common vertex, and when that common vertex is split, e1, e2, and the new edge f
form a triad (see Figure 1).
Figure 1. Vertex splits of G + e and G + {e1, e2}
For the next results we will use Dirac’s characterization of 3-connected graphs without a prism
minor [3]. The prism graph (shown in Figure 2) is the geometric dual of K5\e. Dirac proved that
a simple 3-connected graph G has no prism minor if and only if G is isomorphic to K5\e, K5, Wr
for r ≥ 3, K3,p, K ′3,p, K ′′3,p or K ′′′3,p, for p ≥ 3. The graph Wr is the wheel graph with r spokes.
The graphs K ′3,p, K
′′
3,p, and K
′′′
3,p are obtained from the complete bipartite graph K3,p with one,
two, and three edges, respectively, joining the three vertices in one class (see Figure 2). Since the
3-connected graphs without a prism minor are known, it sufficies to focus only on the 3-connected
graphs with a prism minor.
Figure 2. Prism, Wheel, K ′′′3,p for p ≥ 3
Suppose G is a simple 3-connected graph with a simple 3-connected minor H. The motivating
question that began the investigation in this paper is as follows:
When can we guarantee the existence of a set of edges X in G such that removal
of X preserves 3-connectivity and the H-minor.
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The main result in Section 3 uses the construction theorem in Section 2 to establish a bound on
the size of G that depends only on the size and rank of H and the rank of G. Let G and H be
simple 3-connected graphs with prism minors such that G has an H-minor and r(H) ≥ 5. If G
has no H-preserving deletable edge, then we prove that
|E(G)| ≤ |E(H)|+ 3(r(G)− r(H)).
Section 4 explains how the result in Section 3 is a generalization of the 3-connected case of a
theorem by Mader. Mader proved that if G is a minimally 3-connected rank r ≥ 6 graph, then
|E(G)| ≤ 3r(G) − 7, with the exception of K3,p, for p ≥ 3, whose size is 3r(K3,p) − 6 [1, p. 26].
Mader’s bound is sharp. The main result in Section 4 establishes if G is a simple 3-connected rank
r ≥ 6 graph with a prism minor, but no prism-preserving deletable edge, then |E(G)| ≤ 3r(G)−7.
Mader’s result follows from this result and Dirac’s characterization of 3-connected graphs without
a prism minor.
Finally, Section 5 has more on the usefulness of the results in this paper and next steps.
2. Construction theorem for graphs without minor preserving deletable edges
Tutte’s Wheels Theorem states that a simple graph G is 3-connected if and only if G is a wheel
Wr, for r ≥ 3, or is obtained from a wheel by a finite sequence of edge-additions or vertex splits.
The next result is the Splitter Theorem for graphs. It extends Tutte’s Wheels Theorem, so as to
not only maintain 3-connectivity, but also a specified simple 3-connected minor other than the
wheel. The Splitter Theorem for matroids appears in [8]. A graph version appears in [7]. Note
that if G is simple and 3-connected, then so are its edge-additions and vertex splits.
Theorem 2.1. Suppose G and H are simple 3-connected graphs and H is not a wheel. Then G
has an H-minor if and only if there exists a sequence of graphs G0, . . . , Gt such that G0 = H,
Gt ∼= G, and for 1 ≤ i ≤ t either Gi = Gi−1 + e or Gi = Gi−1 ◦ f .
The next theorem is the main result in this section.
Theorem 2.2. (Construction Lemma) Suppose G and H are simple 3-connected graphs and
H is not a wheel such that G has an H-minor. If G has no H-preserving deletable edge, then G
can be constructed from a rank (r − 1) graph G′, where G′ has no H-preserving deletable edges in
one of the following ways:
(i) G = G′ ◦ f ;
(ii) G = G′ + e ◦ f , where e and f are contained in a triad of G; or
(iii) G = G′ + {e1, e2} ◦ f , where {e1, e2, f} is a triad of G.
Proof. Theorem 2.1 implies that we can construct a graph isomorphic to G from H by a sequence
of edge-additions and vertex splits. Since G has no H-preserving deletable edges, the last operation
in forming G is splitting a vertex. So
G = Gr−1 ◦ f
for some rank r(G) − 1 graph Gr−1. Now Gr−1 may have H-preserving deletable edges. Let
{e1, . . . , ek}, where k ≥ 0, be the set of H-preserving deletable edges in Gr−1. Let
G′ = Gr−1\{e1, . . . , ek}.
Therefore
G = G′ + {e1, . . . ek} ◦ f,
where G′ has rank r(G)− 1 since the edges e1, . . . , ek are deletable.
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Let v be the vertex in G′ that is split into v and v′ such that f is the edge between v and v′.
If any of e1, . . . , ek are incident to a vertex other than v, then they would remain H-preserving
deletable edges in G. Therefore each of e1, . . . , ek is incident to v. We will prove that k ≤ 3, and
in each case the specified restrictions hold.
Case (i) Suppose k = 0.
Then G = G′ ◦ f and there is nothing to show.
Case (ii) Suppose k = 1.
In this case G = G′ + e1 ◦ f . Then e1 is incident to v and the other end vertex of e1 has
degree at least 4 in G+e1 since Gr−1 is 3-connected. Without loss of generality, suppose e1
is incident with the new vertex v′ in G. If the new vertex v′ is incident with e1, f and one
other edge, then e1 and f are contained in a triad and there is nothing to show. Otherwise
v′ is incident with e1 and f , as well as two more edges. Thus both end vertices of e1 in G
have degree 4 and e1 is an H-preserving deletable edge in G; a contradiction.
Case (iii) Suppose k = 2.
In this case G = G′+{e1, e2}◦ f . Then e1 and e2 are both incident with v and the other
end vertices of e1 and e2 have degree at least 4 in G
′ + {e1, e2} since G′ is 3-connected.
Suppose when v is split into v and v′, the new vertex v′ in G is incident with e1, e2, the new
edge f , and at least one other edge. In this case one of e1, e2 would be an H-preserving
deletable edge in G, which is a contradiction. The only possibility left is that v′ has degree
3 and is incident with e1, e2, and f giving the situation in (iii).
Case (iv) Suppose k = 3.
In this case G = G′ + {e1, e2, e3} ◦ f . Then e1, e2, e3 are all incident to v and the
other end vertices of e1, e2, e3 have degree at least 4 since G
′ + {e1, e2, e3} since G′ is
3-connected. When v is split into v and v′ in G, if the new vertex v′ has all three edges
e1, e2, e3 incident to it (in addition to the new edge f), then again one of the edges e1, e2, e3
is an H-preserving deletable edge in G. Otherwise at most two of the three edges e1, e2, e3
are incident to v′, say e1 are e2 are incident to v′, and e3 remains incident to v. Then e3 is
an H-preserving deletable edge in G; a contradiction.
Similarly, if k ≥ 4 we reach a contradiction. Observe that in all instances, it is the newly added
edges that are deletable, so the H-minor is never disturbed. 
There are two things to note about this result. First, note that the third operation is essential.
Consider the graph G = Prism + e1 ◦ f1 + {e2, e3} ◦ f2 constructed as shown in Figure 3. It is
minimally 3-connected since removing any edge destroys 3-connectivity. An exhaustive search and
construction of all rank 7, 14-edge graphs shows that the only way to obtain it is as shown in
Figure 3.
Second, note that all graphs without H-preserving deletable edges are obtained in the con-
struction process, but due to isomorphism graphs that have an edge x such that G\x has a minor
isomorphic to H will also be obtained. To understand this consider the graph G = H+{e1, e2}◦f ,
shown in Figure 4, where H is the prism graph. Neither G\e1 nor G\e2 is 3-connected. However,
G has a deletable edge (the edge in bold). When the bold edge (which is part of the original prism
minor) is deleted, the resulting graph no longer has the original prism minor, but still has a minor
isomorphic to the prism.
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Figure 3. An example to show that Operation (iii) in Theorem 2.2 is essential
Figure 4. Some 6 3-connected graphs with a prism minor
3. Bounding the size of graphs without minor preserving deletable edges
The main result in this section establishes a sharp bound on the size of a 3-connected graph G
with an H-minor, but without an H-preserving deletable edge that depends only on the size and
rank of H and the rank of G.
Theorem 3.1. Suppose G and H are simple 3-connected graphs with prism minors such that G
has an H-minor and r(H) ≥ 5. If G has no H-preserving deletable edge, then
|E(G)| ≤ |E(H)|+ 3[r(G)− r(H)].
Proof. The proof is by induction on r(G). If r(G) = r(H), then G is isomorphic to H and
the result holds trivially. Assume the result holds for graphs of rank r(G) − 1. Since H has a
prism minor, H is not a wheel. Theorem 2.2 implies that G is obtained from a simple 3-connected
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rank r(G) − 1 graph G′, where G′ has no H-preserving deletable edges, via one of the following
operations:
(i) G = G′ ◦ f ;
(ii) G = G′ + e ◦ f , where e and f are contained in a triad of G; or
(iii) G = G′ + {e1, e2} ◦ f , where {e1, e2, f} is a triad of G.
Since G′ has no H-preserving deletable edges, by the induction hypothesis,
|E(G′)| ≤ |E(H)|+ 3[r(G′)− r(H)]
= |E(H)|+ 3[r(G)− 1− r(H)]
= |E(H)|+ 3[r(G)− r(H)]− 3.
Thus when G = G′ ◦ f ,
|E(G)| ≤ |E(G′)|+ 1 ≤ |E(H)|+ 3[r(G)− r(H)]− 3 + 1 = |E(H)|+ 3[r(G)− r(H)]− 2.
When G = Gr−1 + e ◦ f ,
|E(G)| ≤ |E(G′)|+ 2 ≤ |E(H)|+ 3[r(G)− r(H)]− 3 + 2 = |E(H)|+ 3[r(G)− r(H)]− 1.
When G = Gr−1 + {e1, e2} ◦ f ,
|E(G)| ≤ |E(Gr−1)|+ 3 ≤ |E(H)|+ 3[r(G)− r(H)]− 3 + 3 = |E(H)|+ 3[r(G)− r(H)].

The above result implies that if G has size greater than |E(H)| + 3[r(G) − r(H)], then G has
H-preserving deletable edges, thereby answering the question raised earlier.
4. Mader’s minimally 3-connected theorem
In [6] Mader gave a sharp bound for the maximum size of minimally k-connected graphs. We
are interested only in the case k = 3. He proved that a minimally 3-connected rank r ≥ 6 graph
has size at most 3r − 6, and that K3,p is the only extremal family.
Theorem 4.1 (Mader, 1972) Let G be a minimally 3-connected rank r ≥ 6 graph. Then
|E(G)| ≤ 3r − 6. Moreover, |E(G)| = 3r − 6 if and only if G ∼= K3,p, for p ≥ 3.
We will use Dirac’s Theorem and Theorem 3.1 to prove Mader’s Theorem.
Theorem 4.2. (Dirac, 1963) A simple 3-connected graph G has no prism-minor if and only if
G is isomorphic to K5\e, K5, Wr, for r ≥ 3, K3,p, K ′3,p, K ′′3,p or K ′′′3,p, for p ≥ 3.
Suppose G has no prism minor. Then Theorem 4.2 implies that G is Wr or K3,p. Since
r(K3,p) = p + 2,
|E(K3,p)| = 3p = 3(p + 2)− 6 = 3r(K3,p)− 6.
If G has a prism minor, then using Theorem 3.1 with H as the prism graph, where |E(H)| = 9
and r(H) = 5, gives
|E(G)| ≤ 9 + 3[r(G)− 5] = 3r(G)− 6
However we can do a bit better. The next result is proved exactly like Theorem 4.1, except that
the initial conditions are slightly different.
Theorem 4.3. Suppose G is a simple 3-connected rank r ≥ 6 graph with a prism minor. If G
has no prism-preserving deletable edge, then |E(G)| ≤ 3r − 7.
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Proof. The proof is by induction on r ≥ 6. Suppose r = 6. Theorem 3.1 implies that the rank 6
graphs with a prism minor and no prism-preserving deletable edges are vertex splits of prism+ e
and prism + {e1, e2}, since the prism has no vertex splits. Observe that prism + e has three
rank 6 graphs without prism-preserving deletable edges, but prism + {e1, e2} does not have any
vertex splits without prism-preserving deletable edges. See Figure 4 which shows that the rank 6,
12-edge graph obtained from the rank 5, 11 edge graph using Operation (iii) of Theorem 2.2 has
a prism-preserving deletable edge. Thus for r = 6, |E(G)| = 11 = 3r − 7.
Assume the result holds for graphs of rank r − 1. As in the proof of Theorem 4.1, G can be
obtained a simple 3-connected rank r − 1 graph G′, where G′ has no prism-preserving deletable
edges, via one of the three operations (i), (ii), or (iii). Since G′ has no H-preserving deletable
edges, by the induction hypothesis,
|E(G′)| ≤ 3(r − 1)− 7.
Thus when G = G′ ◦ f ,
|E(G)| ≤ |E(G′)|+ 1 ≤ 3(r − 1)− 7 + 1 = 3r − 9.
When G = Gr−1 + e ◦ f ,
|E(G)| ≤ |E(G′)|+ 2 ≤ 3(r − 1)− 7 + 2 = 3r − 8
When G = Gr−1 + {e1, e2} ◦ f ,
|E(G)| ≤ |E(Gr−1)|+ 3 ≤ 3(r − 1)− 7 + 3 = 3r − 7.

Theorem 4.1 (Mader’s Theorem) follows from Theorem 4.2 (Dirac’s Theorem) and Theorem
4.3.
5. Significance and next steps
We can take the results in the previous sections in a couple of different directions. We can
use these results to construct all the minimally 3-connected graphs in a manner quite different
from Dawes’ construction of minimally 3-connected graphs [2]. Theorem 2.2 gives a recursive
process using which we can start with the prism graph and determine all the graphs with no
prism-preserving deletable edges, and therefore all the minimally 3-connected graphs (besides Wr
and K3,p). The Online Database of Integer Sequences published electronically at oeis.org has the
number of non-isomorphic 3-connected graphs up to 19 vertices (A006290). These numbers were
obtained using generating functions, not by actually constructing graphs. Table 1 gives the number
of non-isomorphic 3-connected graphs with a prism minor and the number of rank r minimally
3-connected graphs with a prism minor. We checked that the minimally 3-connected graphs do
indeed give all the non-isomorphic graphs [5]. The number of non-isomorphic graphs is exactly
5 more than the numbers in the table. The exceptional five graphs are the ones noted by Dirac:
Wr, K3,p, K
′
3,p, K
′′
3,p, and K
′′′
3,p. Preliminary trials have resulted in several million graphs complete
with the minor structure. This serves as an additional check on the accuracy of the theorems.
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Rank r 3-connected graphs Minimally 3-connected graphs
5 17 1
6 131 3
7 2,383 16
8 80,895 55
9 5,114,074 286
10 573,273,500 1838
Table 1. Rank r 3-connected graphs and minimally 3-connected graphs (with a prism minor)
Second, the results in this paper are applicable to characterizing excluded-minor classes. Let
H be a simple 3-connected graph. The graphs with no minor isomorphic to H are called H-free
graphs. Maximal size graphs in an excluded minor class have many deletable edges. What we
need to figure out is the structure of the minimally 3-connected members of an excluded minor
class. To do this it will help to understand the behavior of the graphs with an H-minor, but no
H-preserving deletable edges. For example, suppose H is the Petersen graph, which has rank 9
and 15 edges. Theorem 4.1 implies that a 3-connected graph G with a Petersen-minor, but no
Petersen-preserving deletable edge has size at most 15 + 3[r(G)− 9] = 3r(G)− 12.
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